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Equilibria of point-vortices on closed surfaces 

Teresa D’Aprile and Pierpaolo Esposito 


Abstract. We discuss the existence of equilibrium configurations for the Hamiltonian point- 
vortex model on a closed surface E. The topological properties of E determine the occurrence 
of three distinct situations, corresponding to to RP^ and to E 7 ^ §^,RP^. As a by-product, 
we also obtain new existence results for the singular mean-field equation with exponential non¬ 
linearity. 
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1. INTRODUCTION 

Let S be a closed surface (i.e. compact and without boundary) endowed with a metric tensor 
g. We are concerned with equilibrium configurations of the Hamilton function 

^o(^) = + XEE-GteTd 

i i^j 

for 4 = (,^ 1 ,... ,Cno) G hi {^i 7 ^ for i / j}, where G{x,p) is the Green’s function of — 
over S with singularity at p and H{x,p) is its regular part. 

In an inviscid and incompressible fluid, the velocity field and the pressure obey the Euler 
equations. For a two-dimensional turbulent flow, the point-vortex ansatz io = 
the (scalar) vorticity function uj leads to the following Hamiltonian system: 

ridt^i = JV^,no{^) vi = i,...,iVo, (i.i) 

where J denotes the symplectic matrix 



The quantity Tj G M \ {0} is the strength of the point-vortex whose sign determines the 

clockwise/counterclockwise rotation of the fluid near Based on ideas of Helmoltz ([33])) 
has been derived by Kirchhoff ([37]) in Extended by Routh ([U]) to a bounded domain in 
terms of the so-called hydrodynamic Green function (see also [381 [39] ), the renormalized kinetic 
energy is referred to as the Kirchhoff-Routh path function. The interested reader can look 
at mm for the case of a surface (like spheres, cylinders or tori), and refer to [32114211451148j 
for a modern treatment of the topic. 

Apart from and the case of special domains (like discs, half-discs, annuli, strips), very few is 
known concerning the existence of equilibrium configurations for T-Lq. On a closed surface, notice 
that T-Lq has always a minimum point when the point-vortices have the same orientation (say, 
Tj > 0 for all z = 1,..., Nq). The presence of counter rotating vortices makes the problem very 
difficult. On a bounded domain, when Nq < 4 point-vortices of alternating orientations have 
been considered in [9] with Tj = (—1)* and in [ 8 ] for the general case (see also [ 6 ] for Nq = 2 ). 
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The assumption on A^o prevents the collision of some ^j’s with opposite orientations, the simplest 
case being given by three point-vortices with Tj = 1 collapsing onto one with Tj = — 1 (see m 
in a PDE context). 

In this paper we address the case where all the point-vortices with negative orientation are 
kept fixed. Denoting them hy pi,... ,pi with strengths — ..., — we are led to study 

N IN N 

^( 0 = E + ( 1 . 2 ) 

^=l j=i j=i 

for ^ = (^ 1 ,..., ^m) G M., where N = Nq — i, ai, Tj > 0 , h G ^^(S,M) and 

.^ = (S \ {Pi> ■ ■ ■ \ A = {^ G for some j 7 ^ k}. 

Inspired by some arguments in mm, the main aim of our paper is to investigate the interaction 
of the topology of S with the presence of singular sources pi,... ,pi toward the existence of 
equilibria for Ti. As we will see below, the three cases S = S^, S = and S 7 ^ MP^ exhibit 
completely different phenomena. 

The critical point of T-L will be found at the max-min energy level 

n* = supmin^( 7 (^)), 

where J- collects a suitable family of deformation maps from K into an open set V CG Ai that 
keep fixed Kq C K (for some compact sets K, Kq). To prevent the collapsing for part of the 
^j’s onto some pi, the following compactness condition is crucial: 

E : ^C{l,...,fV}| Vi = l,...,£. (1.3) 

\ J.kej jej 

When ri = ... = r 7 v = l, notice that (jl.3jl simply reduces to 

CKj 7 ^ 1 ,..., — 1 V f = 1,..., (1.4) 

To produce the linking structure 

%* < min 
£.&Ko 

we need that a crucial intersection property is accomplished: more precisely, by applying a 
topological degree argument, for all 7 G T” we catch a point £ K with prescribed 'Pj{'yj{^*)), 
j = 1,...,N, for suitable retraction maps Vj. When S 7 ^ S^,MP^, we take Vj = V for all 
j = 1,..., N, V being a retraction of S onto a simple closed curve cr C S \ {pi,... ,p£}. Since 
the fibers of V are well separated, the value %* is uniformly (with respect to Kq) bounded from 
above, whereas min^^Xo 'l'(^) can be made arbitrarily large by a suitable choice of Kq. Our first 
main result then reads as follows: 

Theorem 1.1. Let he a elosed surface topologically different from and MP^. If (11.31) does 
hold, then K has a critical point. 
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When S = MP^, every map Vj, j = 1,..., A^, can be taken instead as a retraction V of MP^\{pj} 
onto a simple closed curve u C S \ {pi,... ,pg} for a fixed i = 1,..., In this case the fibers of 
V are curves emanating from the singular source pi and the assumption 

N N 

Y , (1.5) 

j=l 

is required to assure that the mutual interactions between the components of ^ are dominated 
by the interplay between each component with pj, which is essential to get a uniform control 
from above on %*. So, our second main result is the following: 


Theorem 1.2. Let T, be a closed surface topologically equivalent to MP^. If (ll.3p and 


N 


j,k=l 


N 


-1 


EurKEu) < max{ai,..., ai} 
i=i 


( 1 . 6 ) 


do hold, then H has a critical point. 


The Euclidean case ([221 [25]), which has been the starting point for our investigation, has a 
strong analogy with MP^. When ri = -- - = r 7 v = l, (II.6p becomes 

— 1 < max{ai,..., ae}. 

The case S = is more involved since \ {p} is contractible, therefore it is essential that 
we remove two points from in order to find a suitable retraction. So, first of all we need to 
assume i >2. Let us split 

{!,...,iV} =A/'iU---uW£ 

with disjoint union and set W = > 0. Then, each i = has to be coupled with 

r{i) ^ i and we choose Vj = Vi for all j G A/), Vi being a retraction of \ {pi,Pr{i)} onto a 

simple closed curve Uj C \ {pi,... ,pe}. The fibers of Vi are curves between pi and Pr{i), and 
then part of such Ni points could approach not only pi but also Pr[i)- Now, by exchanging the 
role of i and r, for every f = 1,.. ., ^ we define the set J* C {1, ... , ^} \ {f}, as made up of those 
indices which are coupled in the above construction with i, and then {1, ■■■,£} is the disjoint 

union of such V, i = 1,... To obtain an upper bound on H* we need to require 

'Y ^j^k<aiY^^j Vi = l,...,^, (1.7) 

lAeVi j£j\fi 

where 

Mi = Mill IJ Mr. 

r&Ji 

When ri = -- - = r 7 v = l, notice that (II.7p turns into 

Ni+ Y^ < oti Mi = !,...,£. (1.8) 

reJi 

Our third main result reads as; 


Theorem 1.3. Let T, be a closed surface topologically equivalent to and £ > 2. If (HSI) and 
(HZj) do hold, then LL has a critical point. 
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Hereafter, we restrict our attention to the case ri = -- - = rjv = l. The corresponding % can 
also be seen as the reduced energy 1 |16l 1171129j l for the following singular mean-field problem 


/ K(x)e“ 

A„u = AI -j —-— 



47r^ 


oti 


2=1 


|S| 


(1.9) 


when looking for solutions blowing-up at distinct points - S S \ {pi,... ,Pe}- Here, A 

is a parameter close to SttN, k : S —)■ M is a smooth positive function, and pi,... ,pi € S are 
singular sources with a* > 0. We denote by 6p the Dirac measure supported at p, by dVg the 
area element in (T,,g) and by |S| = fj. dVg the area of S. 

Regular mean-field equations naturally arise in conformal geometry ([laoiss]), in statistical 
mechanics ( [HI [121 [13 ISS] ) and in the study of turbulent Euler flows ( [50] ) . The singularities 
can model Euler flows interacting with sinks of opposite vorticities (|5l]) or conical singularities 
on a surface (I1112I1153]), and naturally arise in connection with the Chern-Simons-Higgs model 
([2ni[26l[10lll6l[5ll[53) and the Electroweak theory (OIZIIIS])- To attack existence issues, one 
can compute the topological degree (imilTl dSl [Hlllo]), use a min-max variational approach 
([1113 0113113]) or perturbative arguments in the regime A —)• SttN dm 113 [29], see also 
[21123 1211113 133 SI])- The topological degree is non-zero when S / aj € N and 

A ^ SttN ([H])- For this is still true ([ 20 ]) when A G (Svr, IGvr) and ^ > 2, but the topological 
degree vanishes in several cases like; 

• i = 1 and A G (Svr, 87 r(l -|- ai)) U ( 87 r (2 -|- ai), -|-oo) (which is consistent with the necessary 
condition ([12]) for the existence: A < 87 r or A > 87 r(l -|- ai)); 

• £ = 2 and A G ( 87 r(l -|- ai), 87 r(l -|- 02 )) U ( 87 r (2 -|- ai -|- 0 : 2 ), + 00 ) if ai < 02 (in agreement 
with the necessary condition ([3) for the existence: A < 87 r(l -|- ai) or A > 87 r(l -|- 02 )). 

In a similar way, the topological degree can vanish when S = RP^. An alternative variational 
approach is also available, which is completely general for S 7 ^ S^, Rp 2 (m, see also [TO]) and 
requires the following restrictions ( [3 03 ) when E = : 

a) ai,..., a£ < 1, A G (Svr, IGvr) \ { 87 r(l -|- ai),..., 87 r(l -|- a^)} and > 2, where 


Ja = {i = 1, ..., : A < 87r(l -|- ai)}; 


b) £ > 2 and A G (0, 87r min (1 -|- Oi)) \ SttN, which can be stated equivalently as #J\ = £ > 2. 

In the special regime A —>■ SttN solutions of (11.91) may possibly exhibit concentration phenom¬ 
ena, a property of definite physical interest since the right hand side of (11.91) represents precisely 
the vorticity of the Euler flow. The concentration points, if different from pi ,... ,pi, have to 
correspond to a critical point of a reduced energy having V. (with h{^) = + -^ log«:(.^)) 

as main order term. The existence of such concentrated solutions has been addressed, among 
other things, in m for non-degenerate critical points ^ = (Ci,... ,^n) of % with non-vanishing 


N 


^ ^(•^^.)g87rH(x,Cj)-47rE;i=i aiG(Cj,pi)+87rEfc7j 
1=1 


Ag logK(^j) -Fdvr 


2N-k 


-2K{ig 


where A = Hi=i K is the Gaussian curvature of {Ti,g). The critical points provided 

by Theorems 11.1111.21 J1.3I may possibly be degenerate, but the critical value %* is stable with 
respect to small C^-perturbations of 22, since it has been found by a max-min scheme. Thanks 






EQUILIBRIA OF POINT-VORTICES ON CLOSED SUREACES 


5 


to the result in [29], stable critical values of T-L, under the sign assumption A < 0 (A > 0, 
respectively), give rise to a family of solutions u\ for (11.91) such that 


f^K(x)e^^dVg 


N 


i=i 


as A ^ 8TrN~ (A —> STrA^"*", respectively) in the measure sense, for a critical point ^ of H with 
Hi^) = T-L*■ Consequently, as a byproduct of Theorems 11.11 fL^ and fOl we provide solutions of 
multi-bubble type to equation (II.9p in the special regime A —)■ SttN. In many cases, we obtain 
the perturbative counterparts of global existence results already available in literature, obtained 
via degree theory or a global variational approach. However, compared to such previous results, 
in some situations one can still have existence when the degree of the equation vanishes even 
beyond the threshold on A imposed by a) and b), as we will see by explicit examples (see Remark 
o and Example 11.61 below). 


Setting 
for Ti = • • • 


[a] = max{n | n G Z, n < a} Va G M, 

= Ttv = 1 we summarize Theorems [mo and O as follows: 


Theorem 1.4. Assume that (II.4p holds for N. Then 

N IN N 

^=l ,=i 

has a C^ —stable critical value TL* if 

• S / S2,RP^- 

• S = MP^ and 

N < max{l -I- [ai]“,..., 1 -|- [a^]”}; 

• S = £ > 2 and 

N^ + ^Nr<l + [a^]- yi = !,...,£, ( 1 . 10 ) 

r£Ji 

for Ni gNU {0} and disjoint subsets Jj C {1,..., ^} \ {i}, i = 1,... ,£, so that 

£ e 

iv = E^o = 

i=l 1=1 


Remark 1.5. For A — SttN, on the standard sphere let us compare (|1.1UI) with a) — b). 

Assumption (ll.lOp turns out to be more general for £ > 3 by allowing larger values of X: notice 
that N may possibly overcome the value maxj(l -|- Oj). Moreover, the choice iVj = 0 for all 
I 7 ^ hA 2 Ji^ = {^ 2 }? Ji 2 = {h} shows that ifJ\ > 2 implies the validity of (ll.lOp . extending 
a) to general ai and b). Since in this case A <t) if n = 1 in view of K = 47 r|S|“^, Theorem \1.4\ 
provides new existence results for equation dLH) on (S^jgfo) with k = 1 when A SttN compared 
to laiiH]. 

Example 1.6. Consider equation (|1.9p on the standard sphere {'§f,go) with k = 1 and let 

£ = 3, ai = a 2 = a G {1, 2), 03 > 4. 
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According to the degree formula eomputed by Chen-Lin m), it can he easily checked that the 
degree vanishes for X G (87r(2 + a), 327r); moreover the existenee results in [3 03] do not work in 
such an interval sinee neither assumption a) nor assumption b) are satisfied. On the other hand, 
(ll.lOp is verified by taking Ji = 0, J 2 = {3}, J 3 = {1,2}, and = A '"2 = 2, = 0, and it is 

immediate to eheck that A < 0 if k = 1. Then, as a byproduct of Theorem \1.4\ we deduce the 
existence of a solution to the Liouville equation (HJl) for \ in a small left neighborhood o/327r with 
N = A blow-up points. This example provides a new existence result in a perturbative regime for 
equation dOj) whieh is not covered neither by the degree theory m) nor by variational methods 

mm)- 

Assumption (11.101) comes from (II. 8 p but is quite involved in such a general form. Finally, 
consider Theorem O restricted to the case ffJi = 1 , i = which, up to re-ordering, 

simply means that each pi is coupled (in the construction of Vi) with Pi+i (with the convention 
Pe+i = Pi, «£+! = and A^+i = A^i). Referred to as a consecutive coupling of the pfs, 
assumption ( 11 . 101 ) reduces to 

Ni Aij_|_i < 1 -|- [cii+i] Vi = (1-11) 

From now on we will use the following notation: the quantities a* = 1 -|- [ai]~, i = 1,... ,i, cor¬ 
respond to a general consecutive coupling, whereas bi,... ,bi will denote the increasing ordering 
with ai < ■ ■ ■ < ai. Given J C {1,..., k}, for any 2 < A: < | let us define 

k 

Sk{J) = [xj(j> 2 i + (1 - Xj{j)) {a 2 j+i + Xj{j - l)min{a 2 j-i, 02 j})] , 

J =2 

where XJ denotes the characteristic function of J. Set ci = ai, gi = a^, di = fi = -|-oo, and for 
k>2 

Ck = min{a 2 + Sfc(J) : J s.t. 1, A; G J}, d^ = minjas -|- Sfc(J) : J s.t. 1 ^ J, A: G J} 

and 

fk = min{a 2 -|- Sfc(^) : J s.t. 1 G J, A: 0 J}, g^ = minjos -|- Sfc(J) : J s.t. 1, A: ^ J}. 

In order to determine the maximal N = that ( 11 . 111 ) holds, in Appendix A simple 

but involved computations show the following: 


Theorem 1.7. For a general consecutive coupling, the maximal N is given by 

N = m.m{ci,gi\ 

2 2 

for i even and 

N = max { min{c^-|-ai —A^i, d^-\-ai, fe-i , qe-i -|-A'i} : hi—minjai, ai} < Ni < minjai, 02} { 
L 2 2 2 2 J 

for i odd, where di = minjai, minjai, 02}-|-minjai, }}. For the increasing consecutive cou¬ 
pling, N takes the form 


e-2 
2 


N = 


j=0 


£-1 

1 ^ 


miiihi+^b2j,-Y,bj 

{ j=i j=i 


£ even, 


I odd. 


( 1 . 12 ) 
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When £ = 2,3 consecutive (increasing or not) and non-consecutive couplings lead to the maximal 
N given by (11.121) . However, for £ > 4 non-consecutive couplings may possibly give rise to a 
larger maximal N than consecutive ones, which in turn may do better than the increasing 
consecutive coupling. 

The paper is organized as follows. In Section 2 we set up the abstract max-min scheme to 
provide a stable critical level T-L* of T-L. Here we make use of a crucial compactness property which 
is established in Section 3. Finally, in Appendix A we derive the expression for the maximal N 
given in Theorem 11.71 along with a thorough discussion of the cases £ = 2, 3,4. 

2. A MAX-MIN ARGUMENT AND THE ROLE OF THE TOPOLOGY OF S 

Let us outline the variational argument we are going to set up. First, we need to construct 
compact sets K, Kq (with K connected) and an open smooth set V so that 

Ko C K CV CV C M, 

where 

-^ = (^ \ {Pi: • • • \ A = {^ G for some j 7 ^ k}. 

Let 

J" = {r(l,-) : r G (^([0,1] X K,!)) s.t. F(0, •) = idx, F(t, = idK^^t G [0,1]| 

and 

V* = sup min^( 7 (^)). 

Through a standard deformation argument, the existence of a critical point ^ & V of T-L with 
Tii^) = TL* is driven by a change in the topology of superlevel sets for in T> at height Ti*, as 
expressed by 

Ti* < min Tlii) ( 2 . 1 ) 

(with the convention min^eXg?£(^) = -|-oo if Kq = 0). To exclude the presence of constrained 
critical points of TL\g-jy at level Ti*, we further require the following compactness condition: 

^ie{n = Te}f^dv 3tG r^(ap) s.t. (t,v?£( 0 ) / 0 , ( 2 . 2 ) 

where T^{dT>) stands for the tangent space of dT> at Since properties (I2.ip - (j2.2p continue 
to hold also for functionals which are C^-close to Ti, notice that such critical points are stable 
under C^-small perturbations of Ti. 

Let us set 

N i N N 

= E r,TfcG(e„a) + E“*Er.'^(o>pO + E^(^^)’ (2.3) 

j,k = l i=l j = l j = l 

j¥=k 

and for M > 0 sufficiently large define P as 

V = {^eM: 4>(^) < M}. 


Since 


<h(^) -hoo as ^ ^ dM 
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in view of (12.511 below, it follows that V is an open set with V C Ad. Letting cji,..., ctat be (not 
necessarily distinct) simple, closed curves in S\{pi,... ,p^} and ,...,€ di x • • • xfjjv 

be a A^—tuple of distinct points, introduce the sets K and Kq as follows: 


W connected component of < ^ € ui x • • • x : mmdg{^j,^k) > M > s.t. € VL 


K = w, iLo = {^ G a: 


= M 

jAk 


-1 


for M > {m.mj^kdg{Cj,C^)) By construction K and Kq are compact sets, K is connected 
and Kq C K. Since aj, j = 1,N, is a curve in S \ {pi,... ,Pi}, we have that 

M{dg{^j,Pi) : ecTj, i = (2.4) 

Thanks to the decomposition 

G{x,p) =-^logdg{x,p) + H{x,p), H£C{T?), (2.5) 

ZTT 

we can rewrite % in (11.211 and in (12.311 as 


'H = d!+ + 0{1), 4> = T_ + 0(1) 


1 


N 


I N 

(Xi 


3,k = l 2=1 7 = 1 


( 2 . 6 ) 


where 

\{n - T+)(0| + I(<f - 'L-)(OI < Co G 


for some Cq > 0. By (12.4p and (I2.6|l we have that sup;^ $ < ClogM for M large, with a 
universal C > 0, and then the inclusion K <ZT) does hold for M sufficiently large, as required. 


We are concerned now with the proof of (12.ip . whereas (12.2p will be established in the next 
Section thanks to the validity of ()1.3p . We begin with the following lemma. 


Lemma 2.1. The following holds 

min TLiE) —^ +oo as M ^ +oo. 
i&Ko 

Proof. Assume by contradiction the existence of sequences = (.^”,... ,^](r) G cJi x • • • x uat 
and Mn such that 

supH(^„) < + 00 , mindg(^)^, ^^) = M~^ —0 as n —> +oo. 

n jAk 

Up to a subsequence, we can find jo ^ ko so that 

dgifJjQiiko) = ^ ^ 0 as n —)■ +oo. 

By (12.4p and ()2.6p we deduce that 

K-i^n) ^ log-^n + 0(1) +00 

as n —>■ + 00 , yielding a contradiction. □ 
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Thanks to Lemma EH the validity of (j 2 . 1 l) will follow once we have obtained an upper bound 
on the max-min value T-L* for M large. 

To this aim, let Vj^ j = be a retraction of S \ {pi, ■ ■ ■ ,Pi} onto aj, i.e. Vj : 

S \ {pi,... ,pi} —)■ cjj is a continuous map so that Vjl^, = ido-^.. A simple application of the 

topological degree yields the following crucial intersection property: 

Theorem 2.2. For all j € F there exists G K so that Fj{'fj{^*)) = for all j = 1,..., N. 

Proof. Fix 7 € T”, and write it as 7 = r(l, •), where T € ^([0,1] x K^V) satisfies r(0, •) = idx 
and r(t, = idRo for all t G [0,1]. Extend T from AT to ui x • • • x as T: 

t{p^)=T{pi) if^G (ai X ••• xctw)\A:. 

Notice that Kq is the topological boundary of K relative to ai x • • • x (Jr, and then T G 

(^([0,1] X (fji X ••• X (Ttv))^) in view of r(t,^) = ^ for all t G [0,1], $, G Kq. Writing f as 

r = (ri,...,r^), the map H : [0,1] x (ai x • ■ ■ x aj^) —x • • • x with components 
= {'Pj o rj)(t, ^), j = 1,... ,N, is a continuous map so that H{0, •) = idaix-xaN- 

To use a degree argument, we can identify each aj, j = 1,..., N, with through a suitable 
homeomorphism, and then regard H as a map [0,1] x (S^)'^ —>■ with 

Given the annulus A = {^ < |x| < 2|, extend H from to as H = {Hi,... ,Hr), with 

Hj{t,xi,... ,xn) = \xj\Hj(^t, ..., , {xi,...,xn) G A^. 

By construction H is a continuous map from [0,1] x A^ into A^, owing to \Hj{t, xi,... ,xr)\ = 
|xj| for all t G [0,1], and H{0, •) = idy^N. Moreover, H{t, •) maps the boundary d{A^) into itself, 
and we are in the position to apply a degree argument: by homotopy invariance we have that 

deg(.ff(l,-),A ^,0 = deg(#( 0 ,-),A^,^°) = deg(id,A^,^ 0 ) = 1 , 

where G {E^)^ corresponds to the original G fJi x • • • x through the identifications of 
(Tj, j = 1,... ,iV, with Then, there exists x* = (x^,... ,x^) G A^ so that .^( 1 , 3 :*) = 
and consequently x* G {E^)^ thanks to |a;*| = \Hj{l,xl,... ,x^)| = = 1. Getting back, we 

have thus found G (Ti x • • • x so that H{1,^*) = We claim that G K: otherwise, if 
G (( 7 i X • • • X (Tw) \ K, then H{1,^*) = which would lead to and this provides a 

contradiction with G K. So, G K and Hj{l, ^*) = Vj{'yj{$*)) = for all j = 1,..., A^. □ 

Since 

H* = sup min "A (7 (^)) < sup?^( 7 ( 4 *)) 

with given by Theorem 12.21 an upper bound on H* is then reduced to show that 

supT+( 7 (^;)) <G (2.7) 

7GJF 

does hold for M large, in view of (12.61) . The topological properties of S play here a crucial role 
to hnd the retractions Vj, j = 1,..., iV, and to investigate the structure of its hbers in order to 
prove (EH- By the topological classification of closed surfaces, we have that S is homeomorphic 
to either the sphere or the connected sum of tori T or a connected sum of real projective 
planes MP^. In the next Subsections, we will separately discuss the case S 7 ^ §^,MP^ and the 
case S = S^,MP^ (up to homeomorphic equivalence), completing the proof of Theorems II.llfL^ 





10 


T. D’APRILE & P. ESPOSITO 


2.1. The case S ^ By Dyck’s theorem ([28]) E is homeomorphic either to the torus T 

or to the Klein bottle or to the connected sum for a closed surface Eh Recall that a torus 

and a Klein bottle can be represented by the fundamental square and ABA~^B, 

respectively. To fix the ideas, let A, B he a horizontal, vertical edge, respectively, and let us also 
assume that the singularities lie in the interior of the square. In this case, we can construct a 
retraction V of the surface onto A by simply projecting along vertical lines, where A represents 
a circle not passing through the singularities, and the fibers of V are well-separated: 

lP-i(Ci)niP-i(C2) = 0 (2.8) 

for all Cij C2 G Cl 7^ C2- For T^Tj' the fundamental polygon looks like ABA~^... and contains 
three edges of a square Q. Let v be one of the two vertices of Q which do not belong to B. The 
retraction V is the projection on A inside the square Q and takes constant value v outside Q, 
and we can still assume that A does not contain any singularities. The map V is continuous 
and its fibers satisfy (|2.8p . 

Via the homeomorphism between E and one of the above models, in our hands we have a 
retraction map V from E onto a simple, closed curve u in E \ {pi,... ,pi} so that 

inf{d3(6,C2) : V{^i) = pi,Vi^2) = /i2} > 0 (2.9) 

for all pi, P 2 € a, pi ^ p 2 , in view of (12.81) . We take ai = ■ ■ ■ = = a, Vi = ■■■ = Vn = V 

and we hx N distinct points Ci j ■ ■ ■ j Cat G By Theorem 12.21 we have that 7j(C*) G ’F“^(C°) for 
all j = 1,..., V, and then 

inf : j ^ k,-f e B,M > 2(inin(ig(C°, Cfc))“^} > 0 

does hold thanks to (12.9p . yielding the validity of (|2.7p . 


2.2. The case E = Since E is a smooth surface, there exists (see for example m) a 

diffeomorphism ui from E to or MP^. Let pi = ui{pi), ■ ■ ■ ,pe = ^{pi) be the corresponding 
singular sources, and g = (a;“^) * g he the induced metric. In this way, (E,;^) is isometrically 
equivalent to or MP^ endowed with the metric g. In Theorem 11.31 let us first consider a 
consecutive coupling where each pi is coupled with pj+i {pi+i := pi), i.e. Ji = {i} and Ji = 
{i — 1} for aA i = 2,... The argument is already involved and contains the main ideas of the 
general case, which will be discussed in a sketched way right after. 


By using pi as north pole on §^, we can construct a diffeomorphism 11 : E \ {p^} ^ C so that 
n(pi) = g* G M for alH = 1,..., — 1, with qi = i, and 11 o uj~^ coincides with the stereographic 
projection through p£ in a small neighborhood of p^. Since 

^go<g< Cgo 

does hold in every coordinate open set D C for some C = (7(11) > 1, where go is the round 
metric on S^, by compactness of we get 


1 < dg^{x,y) ^ ^ 

C ~ dg{x,y) 


Vx,?/ G 


for some C > 1. Since (S^ \ {p£},go) is isometrically equivalent to (C,gi), gi = jj^^^^^dxdy 
{z = X + iy), via the stereographic projection, we have that there exists (7 > 1 so that 


^ dg{x,y) 

c - dg,{uix),uiy)) 


<C Vx,?/GE\{p4- 


( 2 . 10 ) 
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Indeed, (12.1011 is true on compact subsets of S \ {pe}, while near p£ it follows by the property 
that n o u;~^ coincides with the stereographic projection through p^ near p^. 


Thanks to (j2.10p . we can work directly in C. Let us now define a continuous map : 
C \ {qi,qr} i 7^ r, as follows: 


- < Un- 


oiargL-gi) 


if Rez < ^ 

-arg(^-q,)) 


if i < r < .£ — 1, Ti^e{z) = if i < r = .£ and Ti^r = if r < i. For 9 G (—f, f) notice 

that the hbers Li^r{G) = (e'^) represent 

• the two vertical edges of the isosceles triangle with base qiq^ and base angle 6 


Li,r{0) = <qi + pe 


je 


0< p< 


r — i 
2 cos 6 


VJ <qr- pe 


-\e 


0 < p < 


r — i 
2 cos 9 


for i < r < £ —1] 

• the straight line starting from qi with angle 9 for i < r = i] 

• the set Lr^i{—9) for r < i. 


Split { 1 ,..., A^} as the disjoint union of A/i, i = 1 ,... and define continuous maps Vj : 
S \ {pi,... ,pi} ^ Gj, j = 1,..., N, as 

Vj = 11 "^ (^qi + o , Gj = n~^ ^qi + 

when j G A/i, i = 1,... ,i — 1, and 

Vj = n-i {qi + o n), a, = n-i (gi + m^) 

when j G A/f. Notice that Vj\^^ = id^-^ for all j = Let us fix N distinct angles 

9i,... ,9 n G (0, ^), and let ...,G ui x • • • x gn be a A^—tuple of distinct points, 

with 

tO ^ j V-^{qi + if J G A4, i = 1,... - 1 

\ U~^qi+£e-^^^) ifjeMe. 

Thanks to Theorem 12.21 for all 7 G T” we can find z'^ = (zj ,... , zjj) G C^, with zj = n[ 7 j(^*)] 
for J = 1,..., N, so that 

z] G Li^i+ii9j), y j €J\fi,i = !,■■■,£ 

(with ^ + 1 = 1). In view of (j2.10p . (12.7p can be re-formulated as 

supT(;z^) < C, ( 2 . 11 ) 

■y&T 


where 


N 


I N 

a,: 


= ^j'^klogdg^{zj,Zk)+ 

3 ,k = l 2=1 7 = 1 


( 2 . 12 ) 


for 2 : = ( 21 ,..., zn) G , with q£ = 00 . Next lemma establishes the validity of (|2.11l) . 
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Lemma 2.3. If 6i,... ,6 n € (0, j) are distinct angles, then 

sup ^{z) < + 00 , 
z&z 

where is given by (12.1211 and 

Z = = {zi,...,zn) G : Zj G Li^i+i{6j) Vj e Ni, i = 


Proof. Observe that 


qi,qi+i if r = i 

j) l~l Z/j. ^ qi+1 if r i + 1 

3 otherwise 


(2.13) 


for all j G Mi and k G Mr with j k, where = qi and the closure is meant with respect to 
dgi- By (j2.13p we can rewrite 'h as 

e £ 


^w = -iEE E 


27r 


j=l j&Afi ke^r^_lU^r^u^J^^+l 


TjTk\ogdg.,{zj,Zk) + X] ^ X] rjdog(igi(zj,gi) + 0(1), 
*=i 


where Mi = Mi uMi-i for a consecutive coupling, Mq = M^, A/£+i = Mi and a^+i = ai. 

For i = 1,... and j,k G Mi, j 7 ^ k, the two polygonals Lj^j+i(0j) and Lj^j+i(0fe) approach 
the same end-points qi and 5^+1 with different angles Oj 7 ^ 9k, yielding the inequality 

dg.,{zj,Zk) > 6dg^{zj,qi)dg^{zj,qi+i) (2.14) 

for all Zj G Lijj^i{9j) and Zk G Lj^i+i(0fc), where <5 > 0 depends only on 0i,..., Indeed, for 

i = 1, — 2 we can write points Zj, Zk near qi as Zj = qi + \zj — qi\e^^^, Zk = qi + \zk — qi\e^^'‘ 

to get 

\zj - Zkl"^ = \zj - gip - 2\zj - qi\\zk - qi\ cos I^a, - 9j\ + \zk - qi\^ > \zj - gil^sin^ 10^ - 9j\, 

and (I2.14P follows near qi owing to the equivalence between dg.^ and the euclidean distance 
on compact subsets of M^. A similar argument works near qi+i, and (|2.14p is thus proved 
when i = 1,— 2. Inequality (I2.14p is still valid near qi for i = i — 1 and near for 

i = I, and the difficult case is when approaching qi = 00 . For Zj = qi^i P \zj — ( 7 £_i|e‘^-’' and 

Zk = qi-i + \zk — the following holds 

1 1 2 \z--zk\^ \zj - q(,_i\‘^-2\zj - q(,_i\\zk-q£-i\cos\ek-Oj\ + \zk-q£-i\'^ 


Zk 


> 


\zk - g^-ipsin^ [4 - 
2\zj\'^\zk - gr-iP 


> 5 


\zj\^\qi_i + \zk - g£_i|ei®fc|2 

1 2 




for \zj\, \zk\ large, providing the validity of (12.141) with i = I — 1 near < 7 ^ = 00 in view of the 
invariance of gi under the map z ^ ^ and the equivalence between and the euclidean 
distance near 0. A similar argument works for (j2.14l) with i = I near qi = 00 , and (12.141) is 
finally established for i = \,... ,1. 

For i = \,... ,i and f G Mi, k G Mi+i, the two polygonals Lij^i{6j) and Li+i^j+ 2 ( 0 fc) (with 
L£+i/+ 2 idk) = 1 ^ 1 , 2 (^fc)) just have qi+i as common end-point, and, arguing as above, we deduce 

dg^{zj,Zk) > 6mayi{dg^{zj,qi+i)dg^{zk,qi+i)} (2.15) 

for all Zj G Lij^i{6j) and Zk G Li^ij^2{9k), where d > 0 just depends on 0i,..., 9^- 
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For i = 1,..., £ and j G Mi, by (12.141) and (12.151) we deduce that 


^ rfclog(ig,(zj,Zfc) 

feeATi.iUATiUA-i+i 

^ ^k^ogdg^{zj,Zk) - '^Tk\ogdg^{zj,Zk) - ^ rfclog(ig,(^;j,2:fc) 


feeM-i 


kej\f^ 

ki=j 


keAfi. 


+1 


< - ^ rfclog(igi(2;j,gi) - ^ rfclog(igi(zj,gi) - ^ Tklogdg^{zj,qi+i) 

fceM-i 


'=6JV'i 

ki^j 


k^Mi 

ki^j 


^ rfclOgdgi(Zj,gi + l) +0(1) 




i + l 


^ rfclog(ig,(zj,gi) - ^ rfelog(ig,(zj,%+i) + 0(1). 


'=6 Vi 
kit 3 


k^M, 


i-l-1 


kit 3 


Therefore, we have shown that 


i i 

= -iEEE TjTk log dg^ (zj 19 *) - ^ EE E FjFfc log dg^(zj,qi+i) 

i=l jGAfi keSfi i=l jSAfi k€N'^_^_i 

kltj k^3 


K . 

+ IZS: rjdog(igi(zj,gi) + 0(1) 


•-1 

j&Mi 


1 


IgM 


i=l 3,keJ^i 
kltj 


log dg^izj, qi) +0{1) 


and the above quantity is uniformly bounded from above with respect to z G in view of (|1.7p . 
yielding sup^ T < +oo. □ 


Letting ~ be the equivalence relation between antipodal points, the surface MP^ can be 
represented as the quotient §^/~. We can hnd a retraction Vj : MP^ \ {pi} C, j € Mi, as 
the projection along great circles passing through pi onto a given equatorial circle C not passing 
through pi,...,p^. The fibers of Vj, j G Mi, intersect in pj, a fact which can be controlled 
by an assumption like (11.51) . However the hbers of Vj and Vk have intersection points outside 
pi, ... ,Pl, for all j G A/ij and k G Mi^ with + / ^ 2 , and an upper bound on "H* is not generally 
available. In Theorem 11.21 we then restrict the attention to the special case Mi = {1,... ,N}, 
with ai = max{ai,..., ce^} for some i = Taking pi as the north pole and C as the 

equator, we have that the upper hemisphere (w.r.t. C) can be projected onto the equatorial 
plane and the unit disc D with identified antipodal boundary points is a model for MP^. Then 
we can find a diffeomorphism H : S —)• Z 1 so that Il{pr) = qr r = 1,... with g* = 0 and 
~lEgi<'‘'<®<l- Moreover, by compactness of S the following holds 


J_ . dg{x,y) 

c - |n(x)-n(y)| - 


y x,y gT, 


(2.16) 


for some C > 1. Letting n : D \ {0} —>■ dD be the radial projection, we define Vj = V for all 
j = 1,..., A^, where V = H"^ o vr o H : S \ {pi} —^ a and a = Il~^{dD). Let us fix N distinct 
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points Cl, ■ ■ ■ £ cr \ {Pij • • • ^Pe}- In view of (I2.16p . the validity of (I2.7p will follow by 

^ Af IN 

sup ^'(z) < +CX), ^'(z) = ^ Tj-rfeloglzj - Zfcl + ^ ^ log |zj - ^il, (2.17) 

^ i,k=l i=l 7 = 1 

where 

= ^iG7r-l(C°) V j = 1,... , iv}, C° = n(C°). 

Since 7r“^(C?) D = {0} for j ^ k, arguing as in Lemma [2l3] (I2.17P can be deduced by 

m- 

For a general coupling in Theorem 11.31 we explain below the necessary changes. Denoting by 
r{i) the unique index such that i G Jr{i), i € {1 ,... ,£}, we split 

m 

l}=[jXr 

r=l 

in disjoint blocks which satisfy 


i € Xr ^ Ji C Xr k r{i) € X,. (2.18) 

and are minimal (i.e. no proper subset of Xj. satisfies p2.18p ). Notice that such a partition 
{Xi,... ,Xm} is unique, and (I2.18P guarantees that there are no couplings between indices in 
different blocks. Thanks to the following result, we can provide each block with a nice order of 
all the indices but one (say, the last one): 


Lemma 2.4. Let X = {xi,..., Xn} CM be a set ofn>2 elements. Let Ji,... ,Jn be a partition 
of X so that Xi ^ Ji, i = 1,... ,n, and 

X' CX : JiCX' k Xr.(i) € X' Vx* e X' ^ X' = X, (2.19) 

where r{i) G {1,... ,n} is the unique index so that Xi G Jr[i)- Then, there exists a permutation 
a of {1,... ,n} so tha^ 

a{i) < a{j) => either or < x^^i) < (2.20) 

where J* = Ji\ {x,,^n)}, i = l,...,n. 

Proof. We argue by induction on n. When n = 2 we have that Ji = {X 2 }, J 2 = { 2 :^ 1 } and 

(12.201) is satisfied with a = id. If Lemma 12.41 does hold for n, let us discuss its validity also 

for n + 1. If Jj 0 for any i = 1,... , n + 1, then ^ Jj = 1 for all i, and by (I2.19p we can 

find a permutation a so that Jo-(j) = {xo-(i_i)} for i > 2 and Jo-(i) = {xa{n)}j and (I2.20|) easily 

follows. Otherwise, we can find a first permutation r so that = 0 and T(n) = r(r(n + l)). 

Letting Y = > ■ ■ ■ > XT(n)}j we have that = n and Y still satisfies (I2.19p with the partition 

..., Jr(n-i)) '^r(n) \ {^T(n+i)}- Since Lemma [ 23 ] is true for Y, we can find a permutation 
A of {1,... ,n} so that (I2.20p does hold for Y with A. The permutation a of {1,... ,n + 1} 
constructed as a{l) = r o A(l),..., cj(io — 1) = r o A(io — 1), cr(io) = T{n + 1), cr(io + 1) = 
r o A(io),..., cr{n + 1) = r o A(n) with io defined by A(io) = T(n), satisfies (12.201) . as it can be 
straightforwardly checked. □ 


^Hereafter, tlie notation A < B {A < B resp.) stands for supT < inf B (sup A < inf B resp.) if A, B 7 ^ 0. The 
inequality is always true if either A = 0 or B = 0, and points are identified with singletons. 
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We first make a permutation to have Xi < • • • < and then apply Lemma 12.41 to each X^, 
r = 1 ,..., m, to get the following: 


Proposition 2.5. Up to a permutation, there exist blocks Xi < ■ ■ ■ < Xm, m > 1, satisfying 
(j2.18p and for all r = 1,..., m: 

i,j £ Xr, i < j ^ either J* < i < J* < j or J* < J* < i < j, (2-21) 

where J* = Ji\ {Ir} and Ir = max^^. 


Hereafter, let us assume that we have permuted the indices according to Proposition 12.51 
Define continuous maps Vj : T, \ {pi,... ,pi} —>■ aj, j = 1,... , N, as 

Vj = H"^ (qi-l- o , aj = H"^ (qi + 


when j € A/i, i = 1, — 1, and 

Tj = o H) , aj = H”^ 

when j € Afi. Let us fix N angles 


TT 


(XOn <■■■ <0i<-, 


and let = (^j*,... G ui x • • • x aN be a A^—tuple of distinct points, with 




n if J G A/'i, i = 1,... - 1, 


( 2 . 22 ) 


\ n H9r(£)+^e ifjGW^. 

Thanks to Theorem 12.21 for all 7 G A” we can find = {zj,... ,zjf) G Z (with zj = n[ 7 j(^*)] 
for j = 1,..., N), where 

Z = {z = {zi,...,zn) G : Zj G Li^r{i){0j) Vj € Mi, i = 


Arguing as in Lemmathe aim now is to discuss the set U for r(i) < r(s) 

and j G Mi, k G Ms with j 7 ^ k, where the closure is meant with respect to Since i G Jr{i), 
by (I2.18P notice that i G Xr if and only if r{i) G Xr, and by (I2.21I) - (I2.22I) the following distinct 
alternatives can arise: 

• if i = s, then Li^ri^i){9j) n Ls,r- (^)(<9fc) = { qi ,qr{i)} (wi th q^ = 00 ); 

• if i 7^ s and r{i) = r(s), then n L,,^r{s){ 0 k) = 

• if i, s G Xr with r{i) < r{s) and i = Ir, then s < r{s) and 


Ll Lg r(s)i^k) 


{qs,qi} if r{i) = s, r(s) = k 

{Qi} if r{i) 7 ^ s, r{s) = Ir 

{gj if r(i) = s, r{s) 7 ^ Ir 

0 if r{i) 7 ^ s, r{s) 7 ^ Ir] 


• if f, s G Air with r{i) < r{s) and s = Ir, then i < r{i) < r{s) < s and Li r(i){9j)riLg r{s)i^k) = 

0 ; 

• if i, s G Ar \ {Ir} with r{i) < r{s), then either i < r{i) < s < r(s) with 


j') hi ^s,r(s){.^kf 


{a} if r{i) = s 
0 if r(i) / s, 


OT s <i < r{i) < r(s) with Li^r(i){9j) n Lg ^r(s){^k) = 0 ;_ 

• if i and s belong to different blocks, then Lir(i){9j) fl Lg r{s){(^k) = 0 - 
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Since the Lj can share at most endpoints among pi,... ,pi, we just need to analyze the 

behavior at each pi. Every pi is an endpoint of j G A/j, and of Lg r(s){0k), s £ Ji and 

k £ A/’s. Letting 

ATi = ATi U U K, 

r£Ji 

we can argue precisely as in Lemma 12.31 to show that ()1.7p implies 

sup ^{z) < +00 
zgz 

with ih given in ()2.12p . which in turn is equivalent to ()2.7p . 

3. A COMPACTNESS PROPERTY 

We shall show that ()2.2I) holds provided that M is sufficiently large. Since the choice 7 = idx 
in the definition of H* leads to 

n* > mn^+(^) + 0 ( 1 ) > ^ logdiamS + 0 ( 1 ) 

2=1 ^ 7 = 1 ' ^ '' 

in view of (12.61) . where d = mi{dg{^,pi) : ^ £ aj, i = 1,... ,£,j = 1,... ,N} > 0, by the previous 

Section we deduce that %* is uniformly bounded in M. Therefore, it is enough to show that the 
tangential derivative of Ti on (911 is non-zero for uniformly bounded values of Ji when M is large 
enough. By contradiction assume that there exist = (^”,... ,Cm) ^ M and / ( 0 , 0 ) 

such that 

HU ^ + 00 , < nu < c, ( 3 . 1 ) 

/3fvniU + /3^^HU = o 

for some O > 0, where the last expression accounts also for non-regular points of dT) and can 
be re-written as 

£ N 

iP2 - UH Y. + m + P2)H Y = 0(1) V j. (3.2) 

i=l k=l 

To get a contradiction, our aim is to identify the leading term of the left hand side in ()3.2p . 
Without loss of generality we assume that 

= 1 , /3r - ^2 > 0 , mindg(e;,eD = 0 ( 1 ), mindg(e;,pO = o(l), (3-3) 

where we have used 

N 

2 ^ r,r,G(c;, U = nU + HU + o(i) ^ +oo 

j,k = l 
jltk 


I N 

^jG{^j,Pi) — ^{^n) ~ '^{U + 0(1) —S' +00 

i=l j=l 


and 
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thanks to m- Given tq > 0 small enough (smaller than the injectivity radius of we 

introduce normal coordinates -®ro( 0 ) which depend smoothly on ^ € S. 

Since = 0 and dg{x,^) = |y^(x)| for all x G ?/^^(i3ro(0)), we have that 


logdg(6,6) 


( 6 ) 

|y 6 ( 6 )P 


yg(6)-yg(6) / 1 

|y€(ei)-y«(6)P Vd.(6,e2) 


(3.4) 


as Ci !?2 -5” C) owing to 


y«(6)-y?(6) = y6(ei)-y6(6) + o(d9(6,0)|v«2/|(ei)-Vgy|(6)| 

= ya(^i)+ o(|y6(^i)l) 

as Ci )?2 —>■ C (where ^ is “between” ^ and ^ 2 )- 

Hereafter we might pass to subsequences without further notice. Let us split {1,... , A^} as 
Zq U ■ ■ ■ U Zi^ where 

^0 = {j : \^j -Pi\>c for all i}, Zi = {j : ^ pi} i = i. 

We begin with the following two Lemmas. 


Lemma 3.1. The following holds: 

a) if ffZi = 1 for some i = 1,... then /?” — —?> 0 ; 

b) if = 0 ( 1 ) for some j, k G Zq, j 7 ^ k, then /3f + /3^ ^ 0; 

c) there exists i G {1,... such that ffZi > 2. 

Proof. If Zi = {jo}, the identity (|3.2jl with j = jo in the coordinate system yp. gives 




\ypMVf 

and then a) follows. Next, let jo,ko G Zq, jo 7 ^ ko, be such that dg{£f^^,£ff^) = o(l). We may 
assume 

dg{ffjg,^ko)= .min dg{^^,Ck) V n S N. 

Letting 

I={jGZQ: dg{^^,Q) ~ dg{Q,^l)} U {jo}, 

where ~ denotes sequences of same order as n —>■ + 00 , observe that by construction 

dgi^^,Ci:)-dgiQ,C^J '^3,kGl,3 + k 
and dg(?” ,Q) = o(dg{i^,il)) for all j G / and A: G Zo \ /, by which 

The identities (|3.2p read in the coordinate system y^ry as 


"’JO 


2(/3r + /32”)rij;r, 


kGl 


w~(g)-K"(s) 


= o 


1 


dgiC^,Q,) 


V j Gl 


(3.5) 
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in view of (13.4p . Since 

jik^I ' 3 ' j,k^I j,k^I 

jj^k j<k j^k 

for all Zj,z G by taking the inner product of (|3.5p with y^n (ff) and summing up in j G / 

’.?0 

we deduce that 

W^ + li^)Y.T^Tk = o{l). 

j,kei 

Since jo, ko G I, we get /3” + = o(l), and b) follows. Finally, if #Zi < 1 were true for all 

i = 1,... ,^, by (j3.3p we would get that #ZiQ = 1 for some io = {1,... j-^}. On the other hand, 
thanks to (j3.3p we also have that = o(l) for some j,k G Zq, j ^ k. Then, by a) and 

b) we would derive /3f + /32 = o(l), /3f — = o(l), in contradiction with (13.3p . □ 

Lemma 3.2. If ffZi > 2 for some i = 1,... ,i, then dg{ffj,pi) = 0{dg{f,^, for all j, k G Zi, 

j / k. 


Proof. By contradiction, assume the existence of jo, k^ £ Z^, jo ^ ko, such that 


. dgiq,C^) ^ 

, ^ = mm , -r-^ 0. 

dg{il,Pi) dgiq,pi) 

Letting 

I={j£Zr. dg{f,^,il) ~ dgifl^Ckg)] U {jo}, 

observe that for j G / by construction 

dgi(.j,Pi) ~ dg{Q,Pi) 

and 


(3.7) 


dg{C^,^]:)-^dgi^l,^l) yk£l,k^j, dg{il,ekg)=o{dg{iiek)) yk£Z,\l, (3.8) 


by which 






The identities (j3.2p in the coordinate system read as 


(P2 - Pi . ,,2 + + P2 jrj 2^ Tfc———- . ..2 

ki^i 


= O 




+ O 


dg{il.iV) ^dg{il,pf) 




(3.9) 


in view of dsai). By taking the inner product of ([3] 
we deduce that 


+ 0(1) V j G / 

with yen (ff) and summing up in j G / 

’JO 'd 


((91 + A“) = „Ai“ + ft") + (ft“ - ft) 0 ( ; ) + 0 (ft(e"„.«?.)) 

j¥=k 
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thanks to (13.61) . by which, using (13.71) . we get 




o 




(3.10) 


By taking the inner product of (13.9|) with (pi) and summing up in j £ I we obtain 

that 


d ff^ V'') 

(/3r -Er. = + /3F) E r.r. + o(i) + 

j,kei 


thanks to (j3.6p . By (I3.10p we arrive at /3” ± > 0, in contradiction with (13.3p . 


□ 


If #Zi > 2, let us split Zj as Yi U • • • U 1), Z > 1, in such a way that for all j £Yr 


dg{Cj,Pi) ^ dg{^k,Pi) '^k£Yr, dg{Cj,Pi) = o{dg{Ck,pi)) V/cGYr+iU 

Notice that by construction dg{^'j,^1i) ~ dg{^^,pi) for all j G Yr, k £ Y^+i U • 
Lemma^M dgi^j,^^) ~ dg{Q,pi) for all j,k £ Yr [j / k), yielding 

dg{i],m-^dg{^^,Pi) yj£Yr,k£YrU---UYuj^k. 
Combining (|3.1ip - (|3.12l) we get 

1 


■Ul^. (3.11) 
U Yp and by 

(3.12) 


v^p{e^,ek) = o 


y j £Yr, k£ Yr+i U---UYi, 


\dg{Cj,Pi), 

which inserted in p3.2p (written in the coordinate system yp.) gives that 

I Qn^p T. Vpii^j) ~ Vpii^k) _fqn on^ -p 


feeVlU-.-UVr 


\ypMW 


+ O 


1 


dg{^j,Pi) 


for all j £ Yr in view of dM])- Since \ypMj)\ = oi\ypMj) “ ypMk)\) ^11 j G Yi U 
and k £Yr owing to p3.11l) - (l3.12p . we can compute 


{yp.iCV-ypM)^ypM)) 


= 1 + 


{ypA^^)-ypMk),yp.m) 


= 1 + 0 ( 1 ) 


(3.13) 


uy^_i 


(3.14) 


IvpMj) - 2/pi(^fc)P \ypMj) - ypMk)\^ 

for all j £ Yr and A: G Yi U • • • U Yr-i- By taking the inner product of (I3.13P with ypi{^^) and 
summing up in j £ Yr we get that 


iPi+Pl 


j,k^ Yp 


j^yr 

k£YiU---UYr-i 


+ 2 ^ r,r,) = (/3r - /??)«* E + o(i) 

j£Yr 


V r > 1 (3.15) 


thanks to p3.6|) and p3.14p . Since ij^Zi > 2, notice that the coefficient in brackets on the left hand 
side of (I3.15D is positive when r = I, and then and /?” + are positively proportional 

up to higher order terms. By p3.3l) and (I3.15p (with r = 1) we deduce that 

pn _ ^ |^n|^ |^n| > ^ (3 

taking into account that = o(l) would imply = l + o(l) and consequently, by (13.151) (with 
r = 1), 

E ~ E 

jAen isYi 

i¥=k 
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contradicting (11.31) . Setting 


on 

a= lim ^ / 0, 

n^+oo p“ 


(3.17) 


let us evaluate the different pieces of the energy as follows: 

- a, + o(i) 


j,kez^ 




I I I 

r=ljeYr 


^=1 J.feeVr 


r=l jeir 

i!eYlU--'UV^_l 


I r 


^E E rirfciogd,(c;,^D + 2 E 


r=l i,keYr 


j^Yr 

fceyiu-'-uv^_i 


ley. 


Since dg{^'j, ~ dg{^^,pi) for all j € 1). and A: G Yi U • • • U in view of ()3.12p . by (I3.15P and 

P3.17p we have that 

E r,r,iogd,(e;,c^) + 2 ^ r,rfciogdg(c;,eD-«* E 


j,k^ Y-p 

ji^k 


keYiU---UY^_l 


j&r 


Y, r.Tfc + 2 r.Tfc - a. E ^9 (C ,Pi) + 0{l) 


j,k^ Yp 
37^k 


k^Yi\J---\JY^_l 


j&Yr 


= -{a 


+ o(i))( E rirfc + 2 rjr, + a,Y^j)^<^sdg(^^^,K) + o(i), 

j^Yr 


j,k^ Yp 

JT^k 


k£YiU---UY^_l 


where jr G Yr is fixed. We have thus proved that 


j.keZj^ 

j¥^k 




—oo 


(3.18) 


for all Zi with ^Zi > 2. By (13.161) we deduce ^Zi 1 for all i = 1,..., .£ and = 0(1) 

for all {j,k) ^ \Ji=iiZi x Zi) according to Lemma IXTl a) and b), then we conclude that 

N IN 


1 1 

-nu = - 

a a 


i=l j=l 


j,k = l 
j¥=k 


- E E r,rfcG(e;,4") - «* E r,G(c;,K) 

j^Zi 


+ 0 ( 1 ) 

+ 0(1) —>■ —oo 


2=1 j,kGZj^ 
31^k 


by (I3.18j) . in contradiction with p3.ll) . 

Appendix A. Proof of Theorem 11.71 
Setting Oj = 1 + [ai]“, the aim of this section is to compute the maximum 

N := maxlACi H-h A'f : A'j G N U {0}, W + W+i < di+i ^ i = 1, ■ ■ ■ ,i}, (A.l) 
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with the convention = ai and Ng^j^i = Ni. The cases i = 2,3 are easier to handle and will 
be treated later in details. From now on, let us assume i > 4. Notice that for any i = 1,... ,i 


0 < Ni< min{ai,aj+i} 


and for any 1 = 1,... ,i — 1 


iVj+i < min{ai+i - Ni,ai +2 - ^^1+2}- 

Therefore, setting Ji = [0, min{aj, Oj+i}] n (N U {0}), we have that (jA.ll) can be rewritten as 
N = max (Ni+ min{a2 — A^i, 03 — A'"3} + A^3 + • • • + min{a£ — Ni_i,ai — A^i}) 

Ni^Ji, i odd \ / 


when i is even and 
N = 


max ("a^i+ min{a2 — A^i, 03 — A^3} +A^3 + • • •+min{a^_i — a£ — + (A.2) 

i odd \ / 


iVi + 

when (. is odd. 

For the sake of clarity, we fix the following three Lemmas. 


Lemma A.l. Let f{t) = min{a, (3 — t} + t + min {7 — t, 5} for 0 <t <T. Then 

max / = min{a + 7 , /3 + 7 , a + (5 + T, /3 + (51. 

[0,T] 

Proof. For t G M we can write 

{ a + 5 + t if t < min{/3 — (a, 7 — (5} 

min{/5 + (5, o; + 7 } if min{/5 — (a, 7 — 5} < t < max{/3 — (a, 7 — (5} 
f3 + j — t ift> max{/3 — (a, 7 — (5}, 

yielding 

{ minja + 6 + T, (3 + 6,a + j} if min{/3 — a, 7 — (5} > 0 

min{/3 + (5, a + 7 } if min{/3 — a, 7 — (5} < 0 < max{/3 — (a, 7 — (5} 

/3 + 7 if max{/3 — a, 7 — (5} < 0 

= min{a + 7 ,/3 + 7 , a + (5 + T,/3 + (5} 
as claimed. 


□ 


Let us hx 2 < A: < I and consider the numbers Ck,dk, fkiQk defined in the introduction. We 
get 

C2 = 02 + 04, (i2 = 03 + 04, /2 = 02 + min{a3,04} + 05, 52 = 03 + 05. (A.3) 

Lemma A. 2. The following identities hold: 

N= max ( mm{ci,de + Ni, fe — Ni, ge}] (A.4) 

Vigil V 2 2 2 2 / 


when I is even and 

N= max ( min|c^-i + Nf, de-i + Ai + Np, ft-i , q^-i + Ai}') (A.5) 

JVieJi.iv^eV 2 2 2 2 / 

Ni -\-N^<ai 


when I is odd. 
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Proof. We claim that for every 2 < A: < 2 we have 


max 
NiGJi i= 3 ,..., 2 k- 


(min{a2 - 03 - ^^3} + ^^3 H-h mm{a2fc - A^2fc-i, a2fc+i - ^^2fc+i}) 

1 odd V / 

= minjcfc - Ni, 4, 4 - iVi - A^2fc+i, fffc - ^2fc+i}- 

(A.6) 

Indeed, (jA.6jl is valid for k = 2 owing to (IA.3p . and the validity of (IA.6p with index k implies 

min{a 2 - IVi, 03 - N 3 } + IV 3 H-h min{a 2 fc +2 - ^^ 2 fc+i, a2fc+3 - ^2fc+3}) 

mm{ak,(3k - iV2fc+i} + A^2fc+i + min{a2fc+2 - iV2fc+i, a2fc+3 - ^2^+3}) , 
where = minjc^ — A^i,4} and 4 = min{4 ~ P^i,9k}- By Lemma lA.il we have that 
max ( min{afc,4 - A' 2 fe+i} + A' 2 fc+i + niin{a 2 fc +2 - A^2fc+i,a2fc+3 - ^2fe+3}) 

A2i; + lGJ2fc+l ^ / 

= minjafe + 02 ^+ 2 ,4 + a2k+2,Oik + min{a2fe+i, 02 ^+ 2 } + a2fc+3 — N2k+3-,h + 02^+3 — A^2A:+3}- 
The validity of (IA.6I) with index /c + 1 is now achieved through the identities 


max 

NiSJi i= 3 ,..., 2 k-\-l odd 


= max 
N2k+l&J2k+l 


Cfc+1 = minjcfc + a2fc+2j fk + a2fc+2}) 4 +i = min {4 + a 2 k+ 2 , 9 k + 02^+2}, 

4+1 = niin{cfc + min{a2fe+i, 02^+2} + a 2 fc+ 3 ; fk + 02^+3}) 

9 k+i = min {4 + min{o2fe+i, 02^+2} + o. 2 k+ 3 i 9 k + 02^+3}; 

which follow by direct inspection of the definition of numbers Ck,dk, fk, 9 k- Finally, by (lA.bp we 
immediately get the thesis of the Lemma. □ 


Lemma A.3. The following inequalities hold: 

(a) Ck + 9k < dk + fk for all 2 < k < |; 

(b) m.m{ct,gi} < di +min{ai,a 2 } when i is even. 

22 2 

Proof. The inequality in (a) does hold for k = 2 thanks to (IA.3I) and its validity at step k implies 
that 

Cfc+i + 9k+i = inin{cfc + a 2 fc+ 2 ) fk + a 2 fc+ 2 } + min{4 + inin{a 2 fc+i) a 2 fc+ 2 } + “2^+3) 9k + ^ 2 ^+ 3 } 

Ck + a2A:+2 p 9k p fl2fc+3 < (4 + a2A;+2) + {fk P a2fc+3) 

^ ^ (4 + a2fc+2) + (cfc + min{o2fc+i, a2fc+2} + a2fc+3) 

~ {9k p 0,2k+2) p {fk p 0,2k+3) ’ 

{9k P a2k+2) P {ck P min{a2fc+i, a2fc+2} + a2fc+3) 

yielding 

Cfc+i + 9k+i < min{4 + o.2k+2,9k P a 2 fc+ 2 } + minjcfc + min{a 2 fc+i, a 2 fc+ 2 } + 02^+3, fk P 02 ^+ 3 } 
= 4+1 + 4+1- 

By induction the inequality in (a) is true for all /c > 2, which implies the validity of 

min (cf — de,ge — di,-(ft —di')! = min{c£ , 9 ^.} — di 
L 2 22 22 V 2 2 /J 22 2 

max (4 - min{c£, 5 ri}, ^(4 “ 4 ) | =4 -mm{ci,gi} 

I 2 2 2 I \ 2 2/J 2 22 
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for i even, in view of 2 min{c^, 5^ } < + di • Concerning (6) notice that 

2 2 2 2 

Sfc( J) = (1 - xj(2))xj(l) minjaa, 04} + Pk{J*), (A.7) 

Sfc(J) = a2kXj{k) + (1 - Xj{k))[a2k+i + Xj{k - 1) min{a2fc_i, 02^}] + qk{J#) (A.8) 

for some functions pk-, Qk and = JD {2,..., k}, = Jfl {1,..., A; — 1}. Given J C {1,... , 

so that 1 ^ J, I € J, for J = {1} U J by (IA.7P we have that 

C| < 02 + S|(J) = (02 - as + (1 - Xj(2)) min{a3,a4}) + (03+p|(J^)) 

< (02 - 03 + min{o3, 04}) + (03 + p| {J*)) < 02 + (03 + (J)) 

yielding ct < 02 + dt. Similarly, for J = J \ {|} by ()A.8jl we get that 


9 L 


< 03 + Si{J) = (^Oi +Xj(^ - 1 ) min{a£_i,a£}^ + (03 + q^{J#)) 


< (oi + XJ(2 “ 1) min{a£_i, Of} - o^^ + (03 + st (J)) < oi + (03 + S|(J)) 
providing ge < ai + de. In conclusion, we have shown that 


min{c£, g'i } < dt + minjoi, 02} 
22 2 


and (6) is thus established. 


□ 


Proof of Theorem 11.71 Thanks to inequalities (a)-(b) of Lemma [A.31 for i even we have that 

de + A^i if Ni < min{c,« ,gi} — de 
2 2 2 2 

min{c,« ,ge} if min{c,« ,9l} — de < Ni < fe — min{c,e, ge } 
22 222 2 22 

fe — Ni if A^i > /i — minjci, ge } 


mm{ce,de+Ni,fe—Ni,ge} = < 


with min{c^ ,5^} — de < min{ai,02}, yielding 
2 2 2 

N = Tiim{ci,ge} 


(A. 9 ) 


when i is even in view of ()A.4p . Unfortunately, when ^ is odd the expression of N in (lA.Sp can 
be simply reduced to 

N= max ( min|c£-i + oi — A'l , de-i + oi, fe-i , Qe-i + A'l I) (A. 10) 

ai—min{ai,a^}<A^i<min{ai,a2} V 2 2 2 2 / 

because < oi := min{ai,min{ai,02} + min{ai,a^}} with the equality achieved for all 

the maximizers in ()A.5p . 

An interesting situation corresponds to the case where the o/s are ordered in an increasing 
way. To distinguish it from the general case, we will denote it by 61 ,..., &£. Given J C {1,..., A:} 
and 3 < j < A:, Sk{J) depends on j — 1 only through the term 


b 2 j- 2 Xj{j - 1 ) + (1 - XjU - + XjU - 2 ) 62 j- 3 ] + (1 - Xj(j))Xj(j - 
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which is minimized by the choice j — 1 G J or j — 1 ^ J depending on whether j G J or not, 
respectively. The same holds if j = 2. Therefore, the minimization in the definition of and 
dk is achieved by sets J with {2, ..., A;} C J, yielding 

k k 

Cfc = ^62 j, 4 = ^3 + (A.ll) 

i=i j=i 

whereas for fk and gk the minimizing sets J satisfy J n {2, ..., /c} = 0 and then 


k k 

/fc = 4 + ^ 4j+i, gk = ^ 4j+i- 
i=i i=i 

Since < ce in view of (IA.lip - ()A. 12 l) . for i even (IA. 9 I) becomes 


(A.12) 


e-2 

2 


j=0 

Since and + bi < f t-i by (|A.lll) - (IA. 12 p . (|A. 10 I) gives that 

2 2 2 2 

N = max|minic£-i + 6i — Ni,g^ + fVi} : 0 < A^i < 6i} 

2 2 


(A. 13 ) 


= min |c£-i + 4 , + fei + Qt-i ^ | 

when I is odd, in view of 


2 


= mm 


{'>i + Ei>2;.5E'>j} (A.14) 


j = l j=l 


1 y bl 

-{c^ +6i -ge^) < 

Z 2 2 2 


□ 


Finally let us discuss the case £ = 2 , 3 , 4 . 


N = max{min{a2 + N^, as + Ni} : Ni + Ns < ai,0 < Ni < minjoi, 02}, Ns < min{ai, 03}} 
= max{min{a2 + ai — Ni,as + IVi} : oi — min{ai,a3} < Ni < min{ai,02}} 


= 2 


= 3 


We clearly have that N = min{ai,a2}. 
By (IA. 2 h we deduce 


since Ni + Ns < fii := minjai, min{ai, 02} + min{ai, 03}} with the equality achieved for all the 
maximizers. Then, we compute 


N = 


Q'2+Q'3+^l 

2 

03 + min{oi, 02} 
02 + min{ai,a3} 


if oi — min{ai,a3} < qs+qi < min{ai,a2} 
if > min{ai,a2} 

if <a^- min{ai, 03}. 


By discussing all the six possibilities for (01,02,03) (oi < 02 < 03, 02 < 03 < oi and so on), we 
immediately realize that N = min{6i + b2, which actually corresponds to (IA. 14 P for 

1 = 3 for the increasing ordering 61,62 43 • We have thus proved that the maximal N in (jA.ip is 
independent of the order of Oj’s. 
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Instead of coupling the Uj’s in a consecutive way (ordered or not), with regards to Theorem 
O let us now couple the pair ai, 02 with 03 and 03 with ai: in order to satisfy ( 11 . 101 ) . we 
decompose N as N = Ni + N 2 + with 

Ni + < ui, Ni + N2 + A ^3 < 03, N2 < a2- 

We can easily see that the maximal N satisfies N = minjai + 02 , 03 }, giving N < min{ 6 i + 
62 , Since such a case represents the general situation for a non-consecutive coupling, 

we can summarize our discussion by saying that the consecutive increasing coupling 61,62 j &3 
gives rise to the best maximal N = min{ 6 i + b 2 , among all the possible couplings 

(consecutive or not, increasing or not). Such a property is peculiar for i = 3, as we will see 
below by discussing the case £ = 4. 


( 62 , bi, 63, 64) which gives rise to = min {62 + &3, bi + b^}. Since in general min {62 + 63, 61 + 64} > 
61 + 63 (see (IA.13P ). we see that the increasing ordering is no longer the optimal among all the 
consecutive ones. Moreover, referring to non-consecutive couplings in Theorem ll.4l let us couple 
the pair 61 , 62 with 64, 63 with 62 and 64 with 63: in order to satisfy (ll.lOj) we need to require 
that N = Ni + N 2 + W 3 + N 4 with 

< 61, N2 + < 62, As + A^4 < 63, Ni + N2 + iV4 < 64. 

The particular choice Ni = 61 , N2 = min{62,64 — 61 }, = 0 and N4 = min{63,64 — 61 — 

min{62, 64 — 61 }} leads to A" > min{6i + 62 + 63, 64}. Since min{6i + 62 + 63, 64} > min{62 + 
63, 61 +64} when 61 + 62 + 63 <64, we also see that consecutive couplings are not in general the 
optimal among all the possible ones. 


1 = 4 By (IA.9P we have that N = min{ai+a3,02+04}, and the optimal choice is (01,02, 03, 04) = 
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